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Abstract

The Hirota method to get the soliton solutions for a nonlinear partial differential equation is the most
efficient direct technique researchers use worldwide. This article reviews and explores Hirota’s direct
technique on the KdV equation, which Hirota initially used to clarify his method. This method uses
the perturbation technique to get the mathematical formulation for the N-soliton solution. We use the
perturbation to the KdV equation to get one-soliton, two-soliton, and three-soliton solutions and the
generalized N-soliton solution. We show the bilinear form for the selected KdV equation and the other
equations used in this work. Also, we investigate the concerned method by illustrating three well-known
equations, the Kadomtsev-Petviashvili (KP) equation, the Boussinesq equation, and the KP equation
with variable coefficient. Solitons are formed due to neglecting the nonlinearity and dispersion effect.
Thus, they play an essential role in analyzing shallow water waves and occur in fields such as plasma
physics, oceanography, marine engineering, fluid dynamics, dusty plasma, and other nonlinear sciences.
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1 Introduction

In physics and mathematics, a nonlinear partial
differential equation (PDE) is an equation contain-
ing partial derivatives and nonlinear terms. PDEs
depict many physical systems, from fluid dynam-
ics to plasma physics and shallow water waves to
oceanography, and have been used to solve dif-
ferent conjectures, such as the Poincaré conjec-
ture and the Calabi conjecture. There is no gen-
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eral technique to solve nonlinear PDEs; therefore,
we study every equation as an individual prob-
lem. Several techniques, such as Darboux trans-
formation [1,[2], Bécklund transformation [3,4],
Hirota bilinear technique [5-9], simplified Hirota
method [10HL3|, Lie symmetry analysis [14}|15],
Inverse scattering method [16,/17], Pfaffian tech-
nique [18,/19] and several other techniques are be-
ing used to study the nonlinear PDEs.

Among the several methods to study nonlinear
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PDEs, the Hirota direct method [5] is the most ef-
ficient tool for constructing multi-soliton solutions
of an integrable nonlinear PDE. Hirota method
provides a direct approach to get the exact so-
lutions such as solitons, breathers, rogue waves,
lumps, and others. In this method, the critical
step is to convert the equation into a bilinear form
suggested by Hirota and then apply the depen-
dent variable transformation to obtain the multi-
solitons of the nonlinear PDEs. As the concerned
method is applied to integrable nonlinear PDE,
confirming the integrability of a PDE plays an im-
portant role. Investigation of integrability to the
nonlinear PDEs helps to generate multi-solitons as
the integrable PDEs carry exponentially localized
solutions. We use the Painlevé test [20] to check
the complete integrability for a nonlinear PDE and
use symbolic software such as Mathematica/Maple
to perform such a tedious analysis. In 2006, Bald-
win and Hereman [11] gave a symbolic computa-
tion for Painlevé analysis using Mathematica by
applying the WTC-Krushkal method [21]. Sev-
eral researchers and scientists have been attracted
to construct soliton solutions derived from nonlin-
ear PDEs due to their applicability in exhibiting
practical features in nonlinear dynamics and ocean
engineering dimensions.

This investigation explores Hirota’s direct
method on the KdV equation, which Hirota ini-
tially used to clarify his method. We apply the
perturbation technique to get the mathematical
formulation for soliton solutions as applied in this
method. Also, we construct one soliton, two soli-
tons, and three solitons and their generalized N-
soliton solution. We show the bilinear form for the
selected KAV equation and three well-known equa-
tions, the Kadomtsev-Petviashvili (KP) equation,
the Boussinesq equation, and the KP equation
with variable coefficient. Since solitons are formed
due to ignoring the nonlinearity and dispersion ef-
fect; thus, they play an essential role in analyzing
shallow water waves. Furthermore, occur in sev-
eral fields such as plasma physics, oceanography,
marine engineering, dusty plasma, fluid dynamics,
and other sciences.

The structure of this work is as follows: Next
section investigates the Hirota bilinear technique
on the KdV equation. In Section 3, we ap-
ply Hirota’s direct method to the different non-
linear PDEs, such as the Boussinesq equation,
the Kadomtsev-Petviashvili equation, and the KP

equation with variable coefficient, to construct the
multiple solitons. In the last section, we conclude
the work and investigation.

2 Hirota’s Direct Method

To understand this method, we explore the steps
of this technique to the integrable nonlinear Ko-

rteweg-De Vries (KdV) equation
up + 6uty + Ugpr = 0; u = u(z,t). (1)

We consider the solution for the equation (|1]) using
Cole-Hopf transformation, which is a logarithmic
transformation for the dependent variable u as

u = R(logf)zz, (2)

where f is a function of x and t and the coeffi-
cient R to be determined later. We can write the
equation in another form as

w = R(logf).  (3)

Hirota [5] creates the bilinear form of the equation
by substituting,

U = Wey where

u=e*, (4)

into an equation with linear terms of Eq. by
considering the value of a; (phase variable) as

o; = kia: + wit, (5)

where k; and w; are the constants (wave num-
bers) and the dispersions (frequencies), respec-
tively. Thus, we get w; in terms of k;, known as
dispersion relation which relates the wave num-
bers to their frequencies as

w; = —]{313 (6)

Next, we find the value of R in equation (). For
this, we consider the auxiliary function f in the
Cole-Hopf transformation as

f(l’,t) = 14+e* = 1_|_ek1x+w1t _ 1_'_6191171@:131‘,7 (7)

Furthermore, substitute in the equation (|1).
Then, on solving for R, we get R=2.
So, the logarithmic transformation becomes

u=2(logf)zz- (8)
Now, from , we have

Ut = Wgat, Uy = Wy and Ugrx = Wrrzrs,

OCTOBER-DECEMBER 2022
HANS SHODH SUDHA

32



HANS SHODH SUDHA, Vol. 3, Issue 2, (2022), pp. 31-38

ISSN: 2582-9777

putting the above expressions into Eq. , we get

Wzt + 6WepWarr + Wragze = 0, (9)

on integrating w.r.t. 'z’

We compute integral term in equation (10) with
constant of integration as zero

1 1
1= /wmwmxam = 2/2wmwxm8x = iwgm,
(11)
substituting the value of I in equation , we get
Wyt + Sw?Cx + Wapzr = 0. (12)

As we have w = 2(log f), we can get the followings:

w:BZQJ;J.Cv wzt:2W7
Ty
Txr — f2 )
w _22f§_3ffxfw:p+f2fzmx
Trr — f3 )
Wrrrr = 2 f4 s

putting all the above values in , we get a
quadratic equation in f as

2

f? f f? f? f

-2
or

_fxft + fxt + szzx - 4f:}cfx:r:p + ffmm:x = 07 (13)

which can be written in terms of the operator D
as
(DyDy + D3)f.f = 0. (14)

This equation is called the Hirota bilinear
form for equation and the D-operator is de-
fined as

DlxD;tngh = (0 — 8z’)l(at - 8t’)mg-h‘x’:m,t’:ta(15)

where g = g(x,t) and h = h(2/,t') are being dif-
ferential functions and ! and m are being non-
negative integer.

As we have

2(f fox — 13)

G
f2 = F? (16)

u=2(logf)ea =

where G = 2(f for — f2) and F = f2. The solu-

X
tion does not need to be the same if we take the

solution of the equation initially as v = %
Solving equation for f by putting u = 0, we
get

f=e" 00y (1).
On taking the constants C(t) = 0 and Cs(t) = 1,
gives zero-soliton solution as

fo=1. (17)

Now we use the perturbation technique; we take
f as a power series with a small parameter € as

f=fotefi+tElfatefs+-- 4 o0,

with Eq.

f=14efitEfote fst 4" fu; n — o0,
(18)
By putting f from in the equation , we

have

(DaDi+Dy)(14€fi+€ fote® fs+---)* =0, (19)

(DaDy+ D) (14 €(2f1) + € (2fa+ fifi) +-- = 0.

(20)
Now collecting the terms of each order of € equat-
ing to zero, we get

€: (DsD¢+ D) f1 =0
62 : 2(D3;Dt + D;“,)fg = —(DIDt —+ Di)flfl
3 2Dy Dy + DY) f3 = —2(Dy Dy + D) f1.fo

For D-operator, we have the following relations as

D,Dif1= fu = D,Dil.f, (21)

Difl = fmxzx = D;Ll'fa (22)

DDy’ e? = (ky — ko)™ (wy — wa)"e” %2, (23)
)

where 0; = k;x +w;t + 9? with 9? (phase constant
— 0.
Now for the coefficient of e:

(D:EDt + Di)fl = 07
D.D;f1.1+Difi.1=0,

(fl)xt + (fl)xmzx = 07

0 0 o4
%afl + @fl =0,

o [0 93
ax<at+aa:3>f1_0’
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which is a linear PDE for f;. Thus the one-soliton
solution is given by

fi=e", (24)
where
01 = Pix + Q1t,
with
Q1 =-P;.

(Above expression for #; is same as phase variable
a1 in equation for ¢ = 1 with condition as in
equation ()).)

Again, for the coefficient of €?:

2(DyDy+ Dy)fo = —(DoDi+ Di)f1-fa
= —(DyD; + D3)e% .eh
= 0 (25)

since we have (D,D; + D2)e?1.ef" = 0 from Eq.

(23).

Therefore, we can choose fo = 0, such that expan-
sion of f in the equation ([18) may be truncated to
a finite sum as

f=1+¢€f1. (26)

Taking ¢ = 1 (e can be absorbed into the phase
constant 69).

f=1+fA=1+M (27)

This is an exact solution of the bilinear form equa-
tion , which conforms one-soliton solution

If we apply the principle of linear superposition
for the solution fi, we have

fi=e" e, (30)

where 0; = Pix + Q1t and 0 = Pox + Qot with
dispersion relation as Q1 = —P} and Qs = —P23.
Now again, for the coefficient of €%:

2(D.D; + Dj)f2=—(DaDy+Dy)f1.fa
= —(DyDy + D3)(e? + €%)?
= —2(D,D;+ D%).e% e
= —2(Dth691.692 + D;Le@l.eg2
= =2((P — P)(@Q — Q2)601.602
+ (P — Py)%e?.e?), (31)

using , we get
= —2(P—P){(Q1—Q2)+(P1—P2)*}e" 772, (32)
We may consider the solution of Eq. as
fo = aipe (33)
where the coefficient a12 using is

—2(Py — P){(Q1 — Q2) + (P — P)3}
2(Py + P){(Q1 + Q2) + (P + P2)3}
—(PL = P){(=P} + P}) + (P — P»)*}
(P + P){(=P} — P3) + (P1 + P2)?}
—(Py — P){—3P? 4+ 3P, P}}
(P + P){3P} + 3P, P2}

a2 =

with the equation as _ (P — P,)? (34)
e p (P1+P2)2‘
w = 2(log(1+eM) =2( . . . _
zx I+er ), Substituting f; and fy in equation of coefficient
_ 9 ((1 + 1)1 PR — P1691.601P1> for €3
N 1+ ef1)2
N ( ) Q(Dth + Di)f;), = —Q(Dth + Di)flfg
G +1;1)2 (28) =  —2a19(Dy Dy + D) (e + %2).e01 102
= —2a12(D,D; + Di)6291+02.€91+292
o _— (35)
2P 2P}
u = 1+ 201 4+ 2¢01 — + b 42 So, we may choose f3 = 0; therefore, the expan-
P12 P12 sion of f in the equation may be truncated to
= 91 +e—01 +1 = cos 91 +1 a finite sum as
2
p? 4 f=1+efi+8fo =1+e(e +e%) + arpeh T2
_ 1 h2 Y1 (29) 1 2 12 .
o M9 ) (36)
Thus, for e = 1, we have
where 01 = Pix + Qit with Q1 = —P}; P, and Q4
are arbitrary constants. f=1+ e 4 €% + ajpeh T2, (37)
OCTOBER-DECEMBER 2022 34
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which is an exact solution of Eq. that con-
forms a two-soliton solution by the Eq. .
Similarly, we can find a three-soliton solution by
choosing

fi=e 42 4 %, (38)
where 0; = P;x+ Q;t for i = 1,2, 3 with dispersion
relation as Q); = —PZ-?’.
So, we get the expansion of f in the equation
fore=1 as

f=1+fi+fot+ f3

3 3
=1+ Z e + Z ;€05 4 qpozel1 102105 (39)

i—1 1=i<j
where
a123 = 12013023, (40)
and ( )2
r-,
= L 41
W (R B “

By the function f in Eq. , we get the three-
soliton solution with Eq. .

Hence, by repeating the same procedure, we can
create a closed expression for the auxiliary func-
tion f to get the N-soliton solution as

-y

p=0,1

N N
exp | Y mmi+ > Ay |, (42)
i=1 1=i<j
where »° _, indicates the summation of all pos-
sible combinations for p; = 0,1 for 1 <¢ < N.
For N =1, we have uyy =0,1s0 f=1+¢€™
For N = 2, we have 1 = 0,1 and po = 0,1. So
there will be four combinations of p; and po as
(0,0),(0,1),(1,0) and (1,1), thus the function f
will be as

f — 1+6771_|_6772+6A12+771+772 — 1_|_6771_|_6772+a126771+772’

with a9 = ediz,

For N = 3, we have py, u2, 3 = 0,1 so the total
combinations for i, e, and ug will be eight as
{(0,0,0), (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1),
(1,1,0), (1,1,1)}, thus the expression for f will be
as

f=1+eM4e”4eB 4 eArztmAnz 4 pAistnitis
+6A23+?72+773 4 €A12+A13+A23+771+7]2+773,
or
f=1+em+eP+eB+apem™ + aqy3e™m
_|_a23€772+773 _i_611236771-&-772-1-7737

A Arp+A13+A2s

with a;; = e® and a123 = e

3 Application of Hirota method
to the nonlinear PDEs

The above section discusses the procedure for Hi-
rota’s direct method with different steps to get
N-soliton solutions. We can summarise the steps
as

Considering the phase variable 6; depending
on the given nonlinear PDE

Finding dispersion relation, a relation be-
tween frequencies and wave numbers.

Finding Cole-Hopf transformation uw =
R(logf)s for the given nonlinear PDE,
where n is the order of partial differentia-
tion w.r.t. x depending upon the balance of
higher order term and nonlinear term in the
PDE.

Finding the Bilinear form of the nonlinear
PDE.

Apply the N-soliton solutions formulation
for the auxiliary function f to the bilinear
form to get the values of the constants ap-
pearing in f.

— For N =1, we take f = 1 + e where
0, is the phase variable.

— For N =2, weget f=1+¢e" +¢% +
a12e”11%2 where f;;1 = 1,2 are phase
variables and a9 is constant.

— For N =3, wehave f =14+ Y7 e 4
3 0:+6; 0140216
Zl:i<j i€’ 0 + a193e”1 0210 where

0;;1 = 1,2,3 are phase variables and
a;;;1 < i < j < 3, and aje3 are con-
stants.

e Computing soliton solutions as
R(logf)sm concerning the choice of f as
above for different .

u =

OCTOBER-DECEMBER 2022
HANS SHODH SUDHA

35



HANS SHODH SUDHA, Vol. 3, Issue 2, (2022), pp. 31-38 ISSN: 2582-9777

3.1 (241)-dimensional Kadomtsev-
Petviashvili equation

We have the integrable KP equation [22,23] as
(ug + 6uty + Upge)z + Uyy = 0 (43)

e We consider the phase variable 6; = p;x +
¢y — wit

e We get the dispersion relation by putting

u = e’ in the linear terms of the Eq.
44 g2

as w; = plpiiql.

e We consider the solutions as Cole-Hopf
transformation u = R(log f)zs, where we get
R = 2 by putting the function f = 1 4 1
into the equation .

e We create the Bilinear form of the equation
as (D3 + DDy + D2) f.f = 0.

e We obtain directly the soliton solutions for
the function f as

— For N =1, we take f = 1 + €% where
4 2

0, = p1x + quy — (%) t, so we get

one-soliton solution as u = 2(log(1 +

0, _ 2k%eh

e ))J:J: - (1+691)2

— For N = 2, we have f = 1+

e 4+ €2 4 et where 6, =
Pia .

pir + qy — (F50)ti = 1,2 and

compute the constant as a3 =

3p3p3(p1—p2)®—(p1g2—paqn)?

3p3p3(p1+p2)?—(p1g2—p2q1)?

two-soliton solution as u = 2(log(1 +

et 4 €2 appehiti2)),,.

— For N =3, we have f = 1—1—2?:1 efi 4
Zf:iq a;je¥i 0 4 aq93eP1 79210 where
PitaZy,.

0; = pix + gy — ()i = 1,2,3

and a123 = aj2a13a93 Wwith Qi =
3p7p3 (pi—p;)*—(pid;—p;4:)? .

5 1 < < 3.

3p;p3 (pitp;)?—(Pig;—P;ai)?’ lsi<js3

Thus we get a three-soliton solution by

u=2(logf)za-

.Thus we get a

3.2 (141)-dimensional Boussinesq
equation

We have the integrable Boussinesq equation [24]
as
Ut — Ugy — 3(u2)xac — Uggx = 0 (44)

e We consider the phase variable 6; = p;x—w;t

We get the dispersion relation by putting

u = €% in the linear terms of the equation

as w; = —\/pzz—i—pf.

We consider the solutions as Cole-Hopf
transformation u = R(log f)zs, where we get
R = 2 by putting the function f = 1 + e
into the equation .

We create the Bilinear form of the Eq.
as (D? — D2 — DY f.f=0.

We get directly the soliton solutions for the
function f as

— For N =1, we take f = 1 + e where
0 = p1x + (\/p%—i—p‘ll) t, so we get

one-soliton solution as u = 2(log(1 +

01 _ _2pie’t
)ae = U
—For N = 2, we have f = 1 +

et 4+ e 4 gr9e?1 P2 where 6, =
pe + (ool ti = 1,2 and

compute the constant as a2 =

V 1403/ 14+p3—(2p] —3p1p2+2p5+1)
V1403 \/14+p3—(2p3+3p1p2+2p3+1)
get a two-soliton solution as u =

2(log(1 + €' + €2 + agpef1102)),,.
— For N = 3, we have f = 1+Z§:160i+
Z?:i<j Qg ePit05i + 19391702495 where

0, = piw + (\fp?+p!) i = 1,2,3
and a3 = aipa13a23 with a;; =
V1971407~ (207 ~3pip; +2p]+1)
1+p? \/1+p§—(2pf+3pipj +2p3+1) ’
7 < 3. Thus we get a three-soliton so-
lution by u = 2(log f)zz-

.Thus we

1<i<

(241)-dimensional KP equation
with variable coefficient

Integrable KP equation with variable coefficient
[25,126] is given by

(up + wy + Ugar )z + Suyy + g(t)ugy =0, (45)

e We consider the phase variable 8; = p;x +

qiy — w;(t)

e We get the dispersion relation by putting

u = e’ in the linear terms of the equation

2
as w; = [ (pf’ +g(t)q + %’) dt.
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e We consider the solutions as Cole-Hopf
transformation u = R(log f)z., where we get
R = 12 by putting the function f = 1+ 1
into the equation .

e We create the Bilinear form of Eq. as
(D3 + g(t)D2Dy + Do Dy + 3D2) f.f = 0.

o We get directly the soliton solutions for the
function f as

— For N = 1, we have f = 1 + /1
where 01 = piz + quy — wi(t), so
we get one-soliton solution as u =
12]9% eP1T+a1y—wi(t) )

(ew1(t)+ep1z+q1y)2

— For N = 2, we take f = 1 +
e 4+ €2 4 ograeh1 P2 where 0, =
pix + qy — wi(t);i = 1,2 and
compute the constant as a2 =
P3P} (PL=p2)? =) +2P1P201@2=PIP3 Pl we

p3(P1(p1+p2)%—43)+2p1P2q192—P1 D3
get a two-soliton solution as u =

12(log(1 4 % 4 €92 + aq9eP1792)) .

— For N =3, we have f = 1—1—2?:1 efi 4
ST ic a0 4 arp3ef H0405 where
and a123 = ai2a13a23 Wwith Qi =

2(n2 2 2 2.2

P} (pi(pi—p;)° —4; )+2pip; 405 —Pi Py | <
507 (i+p;)?—a; ) +2pipj i —p; p; l=i<
j < 3. Thus we get a three-soliton so-
lution by u = 12(log f)zz-

4 Conclusions

In this work, we investigated Hirota’s direct
method on the KdV equation using the per-
turbation technique to get the N-soliton solu-
tion. We showed the perturbation technique to
the KdV equation to generate one-soliton, two-
soliton, and three-soliton solutions. We explored
the closed expression of the N-soliton solution for
the same. We created the bilinear form for the
KdV equation and the other equations used in
this work. Investigation of the concerned method
has illustrated three well-known equations, the
Kadomtsev-Petviashvili equation, the Boussinesq
equation and the KP equation with variable co-
efficient. Solitons are formed due to neglecting
the nonlinearity and dispersion effect. Thus, they
play an essential role in analyzing shallow water
waves and occur in fields such as plasma physics,
oceanography, dusty plasma, marine engineering,
fluid dynamics, and other nonlinear sciences.
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